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FIBONACCI POWER SERIES

Fibonacci power series PAUL GLAISTER
A student usually first meets power series through an infinite geometric progression, having previously considered finite geometric progressions. In this note we consider a variation of this introductory material which involves the Fibonacci numbers. This necessarily poses various questions, e.g. 'When does the series converge and, if so, what is the sum?'. However, there is one further intriguing question that is natural to ask, and this leads to some interesting mathematics. All of this is appropriate for sixth formers, either for classroom discussion or as an exercise.
To introduce the first series consider the geometric progression 00 ti = t + t2 + ...
i=1 which converges to t/(l -t), provided -1 < t < 1. For example, with t = ?2, we have
If we now multiply the terms in (1) by the Fibonacci numbers defined by
i.e. multiply t' by Fi, we obtain the series 
i.e. -0.618 < t < 0.618 approximately. We note that expanding the series on the right hand side of (5) and comparing coefficients of t' yields the familiar explicit formula for the ith Fibonacci number as F. = (a'-bi) \5 ' where a and b are given above, and we make use of this shortly. Alternatively, one could use the recurrence relation (2) and the theory of difference equations to derive (7), and then employ this in (3) to prove (4). This approach is not quite so straightforward, however, when considering generalisations of (3), including those we consider later on.
We now pose the question 'for what values of t does the series (4) converge to an integer?'. (Clearly for all rational t in the interval of convergence the sum S is rational.) The corresponding question for the geometric series (1) is straightforward since if the sum t/(1 -t) = m is an integer, then t = m/(1 + m) and we note that any such t is a rational. For example, if m = 2, then t = 2/3 and i7=l (2/3)' = 2. For the series (4), however, the answer is not obvious.
To obtain a sum which is 1, say, then t/(1 -(1 + t2)) = 1, and hence t = -1 ? /2. The negative root lies outside the interval of convergence, so only with t = x/2 -1 will the series converge to 1. It is not difficult to obtain a formula for the required value of t for which the series converges to a prescribed integer, since it is merely the solution of a quadratic equation. What is more taxing, however, is to determine the rational values of t for which the sum is an integer value, and it is this more specific problem that we now turn to. Thus, suppose that the sum S in (4) is the integer k > 1, so that t --k.
Rearranging gives the quadratic equation kt2 + (k + l)t -k = 0, whose roots are -(k + 1) ? /(k + 1)2 + (2k)2 (8) 2k which means that there are two possible values of t for the series to converge to k, depending on whether they are in the interval of convergence in (6). We require t to be rational and hence that the discriminant (k + 1)2 + (2k)2 is a perfect square. This can be achieved through Pythagorean triples, i.e. set k + 1 = m2-n2 and 2k = 2mn (9) for some integers m > n > 1. In this case, (k + 1)2 + (2k)2 = (m2 -n2)2 + (2mn)2 = (m2 + n2)2 (10) and, substituting from (9) and (10) We now turn to some extensions of the series (3), the first one of which is T = E iFt', iT = 1 whose sum is easily determined by differentiating (4) in the same way that the geometric series can be differentiated to give
